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A two-dimensional (2D) mathematical model of
quadratically distorted (QD) grating is established with
the principles of Fraunhofer diffraction and Fourier op-
tics. A discrete sampling method is applied for finding
a numerical solution of the diffraction pattern of QD
grating. An optimized working phase term, which de-
termines the balanced energies and high efficiency of
multi-plane images, can be obtained by the bisection
algorithm. This 2D mathematical model allows the pre-
cise design of QD grating and improves the optical per-
formance of simultaneous multi-plane imaging system.
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Using principles of adaptive optics, a novel simultaneous multi-
plane imaging system based on quadratically distorted (QD)
grating was developed by Greenaway and Blanchard in the
1990s [1], which was originally designed for photonic-crystal-
fibre strain sensors and used in astronomy [2]. QD grating,
which is also known as an off-axis Fresnel Zone Plate (FZP) [3], is
formed by slits of a series of concentric circles with varying radii
as demonstrated in Figure 1. It behaves like a multi-focus “lens”
but utilizes principle of diffraction instead of refraction, and
provides an order-dependent focussing power to generate sev-
eral images. This simple, on axis and scanless imaging system
can simultaneously capture multiple, in-focus specimen planes
on a single image plane, and z-plane separations of multi-focal
images can be varied from arbitrarily small to many microns. As
an optical attachment, it is fully compatible with a commercial
microscope and standard camera system.
A different implementation of similar principles, the so-called
aberration-corrected multifocus microscopy (MFM), was devel-
oped by late Gustafsson and Abrahamsson [4]. It is capable of
producing an instant focal stack of nine 2D images in multiple
colours, and can be extended to image up to 25 focal planes
under some circumstance [5]. However, the multifocus grating
(MFG), which is utilized to provide a variety of focal lengths
(like QD grating), is designed by computer programming in
a “black box” instead of theoretical analysis [6]. Due to the
technical ceilings, this customized optical system may only be
appropriate for limited applications.
To develop a versatile and easy-to-use simultaneous multi-
plane imaging system, in particular in terms of the varied z-
separations between object planes and considerable large field
of view (FOV), an analytically designed QD grating is essential.
However, due to the high level of sophistication in 2D mathemat-
ical modeling of QD grating, in the past a rough one-dimensional
(1D) model was built for the design and optimization of QD grat-
ing, in which the characteristic quadratic curvature and chirped-
period were simplified as 1D equidistant slits [7]. In this paper,
we will establish an elaborate 2D mathematical model of QD
grating, calculate both analytic and numerical solutions of the
Fraunhofer diffraction pattern, and finally verify this model.
Fig. 1. A demonstration of the structure of QD grating.
It has been proved that the scalar diffraction theory can be
utilized for evaluating the image formed with a source of natural
light by an optical system of moderate numerical aperture, thus
an approximate description in terms of a single complex scalar
wave function is adequate to describe most problems encoun-
tered in optics. The further approximation, which is referred
to as Fraunhofer approximation, has greatly simplified the cal-
culations of diffraction patterns under certain conditions. The
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evaluation of Fraunhofer diffraction can be written as a Fourier
integral [3]
U(p, q) =
∫∫
G(x, y)e−
2pii
λ (px+qy)dxdy, (1)
where λ is the incident wavelength. The integral extends over
the whole x-y plane, and G(x, y) the pupil function is given by
G(x, y) =
®
constant, at points in the opening,
0, at points outside the opening.
(2)
Hence the complex field distribution across the Fraunhofer
diffraction pattern can be simply obtained by the Fourier trans-
form of the aperture function [8]. However, due to the com-
plicated slit profile of QD grating, an alternative way is imple-
mented. Based on the linearity and superposition properties
of Fourier transform, Fraunhofer diffraction pattern of a QD
grating is presented by the linear superposition of the Fourier
spectra of all the concentric slits, which are calculated by the
subtraction of the Fourier spectra between adjacent sectors (see
Figures 2 & 3). The effect of the marginal fractions, which is gen-
erated by the subtraction of adjacent sectors, can be neglected
due to their limited contribution to the diffraction images.
Fig. 2. (a) Parameters of the jth circular sector: a is the start
point, δj the central angle and rj the radius. (b) Schematic of a
QD grating pattern with radius R and the jth slit.
Now attention has been focussed on the Fourier transform of
a single sector as shown in Figure 2(a). Consider a QD grating
comprising of N slits (thus N + 1 sectors), the Fourier integral
of the jth sector can be written as
F(p, q; rj, δj) =
∫∫
Gj(x, y)e−
2pii
λ (px+qy)dxdy, (3)
where Gj(x, y) corresponds to the jth sector in the QD grating
with a radius of rj and central angle of δj starting at point a, and
is set to be 1 in the integral domain of the sector. The integer j
varies from negative to positive values and j = 0 represents the
arc that passes through the grating centre.
To exploit the circular symmetry of Gj(x, y), a transformation
to polar coordinates in both the (x, y) and the (p, q) planes is
made as follows:®
r =
√
x2 + y2, θ = arctan(y/x),
ρ =
√
p2 + q2, φ = arctan(q/p).
(4)
Applying the coordinate transformations (4) to (3), the
Fourier integral of the jth sector becomes [8].
F(ρ, φ; rj, δj) =
eikzeikρ
2/2z
iλz
∫ rj
0
∫ a+δj
a
ei
2pi
λz ρr sin(θ−φ− pi2 )rdrdθ
=
eikzeikρ
2/2z
iλz
L, (5)
where k = 2pi/λ is the number of waves, and z the observation
distance between aperture and image plane, which is approach-
ing the far-field conditions of Fraunhofer diffraction.
By the Jacobi-Anger expansion,
eiβ sin α =
+∞∑
n=−∞
Jn(β)einα, (6)
where Jn(·) is the first kind Bessel function of order n, the inte-
gral L in (5) becomes
L =
+∞∑
n=−∞
∫ rj
0
Jn
(2pi
λz
ρr
)
rdr
∫ δj
0
ein(θ+ψ)dθ, (7)
where ψ = (a − φ − pi2 ). Since the first kind Bessel function
follows that ∫ x
0
ζ J0(ζ)dζ = xJ1(x) (8)
and
J−n(x) = (−1)n Jn(x), (9)
(7) can be written in the form
L0 =
δλzrj
2piρ
J1
(2pi
λz
ρrj
)
(10)
when n = 0, and
L = L0 +
(2pi
λz
ρ
)−2 +∞∑
n=1
Ln, (11)
where
Ln =
∫ 2piρrj
λz
0
rJn(r)dr
∫ δj
0
î
ein(θ+ψ) + (−1)ne−in(θ+ψ)
ó
dθ
= ΨnΦn. (12)
Further we have [9]∫ x
0
tµ Jv(t)dt = xµC
+∞∑
k=0
Ck(x), (13)
where
C =
Γ
( 1
2v+
1
2µ+
1
2
)
Γ
( 1
2v− 12µ+ 12
) , (14)
and
Ck(x) = (v+ 2k+ 1)
Γ
( 1
2v− 12µ+ 12 + k
)
Γ
( 1
2v+
1
2µ+
3
2 + k
) Jv+2k+1(x), (15)
where Γ(·) denotes the Gamma function.
Let µ = 1 and x = 2piρrj/λz, and substitute these into (13),
Ψn in (12) can be given by
Ψ2m=
2pi
λz
ρrjm
+∞∑
k=0
2m+ 2k+ 1
(m+ k)(m+ k+ 1)
Jn+2k+1
(2pi
λz
ρrj
)
, (16)
for an even number n = 2m, and
Ψ2m−1 =2(2m− 1)2piλz ρrjm·
+∞∑
k=0
m+ k
(m+ k+ 12 )(m+ k− 12 )
Jn+2k+1
(2pi
λz
ρrj
)
,
(17)
for an odd number n = 2m− 1.
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The second integral Φn in (12) can be expressed as
Φ2m =
2(−1)m
m
sin(mδj) cos(mδj − 2mφ+ 2ma) (18)
for an even number n = 2m, and
Φ2m−1 =
4i(−1)m
2m− 1 sin
ï
(2m− 1)δj
2
ò
cos
ï
(2m− 1)(δj + 2a− 2φ)
2
ò
(19)
for an odd number n = 2m− 1.
Based on the expressions of (L0,Ψ2m,Ψ2m−1,Φ2m,Φ2m−1) de-
fined in (10,16-19) respectively, we finally have the Fourier inte-
gral of the jth sector
F(ρ, φ; rj, δj) =
eikzeikρ
2/2z
iλz
·[
L0 +
(2pi
λz
ρ
)−2 +∞∑
m=1
(Ψ2mΦ2m +Ψ2m−1Φ2m−1)
]
.
(20)
To obtain the Fourier integral (thus the Fraunhofer diffraction
pattern) of QD grating, a linear superposition of the Fourier
spectra of all the concentric slits is applied according to the
linearity property of Fourier transform
U(p, q) =
∑
j∈J
∫∫
Sj(x, y)e−
2pii
λ (px+qy)dxdy =
∑
j∈J
Uj, (21)
where Sj represents the jth slit and J = {integer j : d−N/2e ≤
j ≤ dN/2e}.
We now consider arbitrary two neighboring sectors O¯BA and
O¯CD as shown in Figure 3. The coordinate origin O is the centre
of the adjacent arcs BˆA and CˆD. If a virtual arc ıFE, whose radius
is the mid-value of that of arcs BˆA and CˆD, is defined, then the
Fourier integral of the jth slit A˙BCD can be approximated by that
of an alternative domain ¸ A′B′C′D′ when rj is much larger than
the period of QD grating. Furthermore, the Fourier integral of
the virtual slit ¸ A′B′C′D′ can be approximated by the subtraction
of Fourier integrals of the two virtual adjacent sectors O˘B′A′
and O˙C′D′. Therefore, the Fourier integral of the jth slit can be
estimated by
Uj ≈
∫∫ Ä
G
O¯C′D′
− G
O¯B′A′
ä
e−
2pii
λ (px+qy)dxdy. (22)
Fig. 3. Illustration of an approximation of a single slit in 2D QD
grating.
With (20) and (22), the Fourier spectrum of the jth slit is
consequently estimated by
Uj ≈ F(ρ, φ; rj+1, θj)− F(ρ, φ; rj, θj), for j = 1, 2, . . . , N, (23)
where θj is the central angle of the jth virtual sector O¯FE shown
in Figure 3. On substituting from (23), the Fourier spectrum of
QD grating (21) can be re-written as
UQ(p, q) =UQ(ρ cos φ, ρ sin φ)
≈
N∑
j=1
eiω·bool(F(ρ, φ; rj+1, θj)− F(ρ, φ; rj, θj)),
(24)
where ω is the phase shift, and bool alternates between 1 and 0
with respect to j is odd- and even- number respectively.
To find a numerical solution of the Fourier spectrum of QD
grating (24), a discrete sampling method is applied, such that
the complexity of high order Bessel functions and tremendous
series can be reduced. The images which correspond to the
diffraction domains of first three orders (simultaneous 3-plane
imaging in this case) are estimated by the method, respectively.
Then the sampling is performed with certain intervals in radius
(ρ) and argument (φ) dimensions, which highly depends on
the parameters of QD grating. Finally, a cubic interpolation
algorithm is applied to smooth the spectrum surface. As an
example, we set z = 10/λ when a QD grating shown in Table 1
is implemented.
According to the Parseval’s theorem [8], the absolute square
of Fourier spectrum presents the energy distribution of Fraun-
hofer diffraction pattern. So the intensity of images over the
whole imaging domain can be expressed as
E(ω) =
∫∫
|UQ(ρ cos φ, ρ sin φ)|2dρdφ. (25)
We have proved that the phase shift generated by the different
etch depth of grating determines the percentage of the incident
light that is directed into each diffraction order [7]. For our
3D imaging system based on QD grating, the working phase
(thus the target etch depth) can lead to the desired intensity
balance between multi-plane images in each diffraction order
as well as the maximum total energy in those orders. Ideally,
on the assumption that all the incident flux is focussed only
on the first three diffraction orders, we set E0(ω) = E±1(ω) =
1/3E(ω), where E0(ω) and E±1(ω) denote the image intensities
of zeroth and first orders, respectively. Since the two images of
first orders are identical, we only take one of them into account.
Consequently, the working phase is the root of
C(ω) =
1
3
E(ω)− E0(ω). (26)
Algorithm 1. The bisection algorithm
1: while |ω1 −ω2| > e and C(ω) 6= 0, where ω = ω1+ω22 , do
ω1 = ω, if C(ω1)C(ω) > 0,
ω2 = ω, otherwise,
2: return ω.
Bisection algorithm [10], which is a root-finding method for
a continuous function C(ω), typically works with two initial
guesses, ω1 and ω2, such that C(ω1) and C(ω2) have opposite
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signs and at least one root can be bracketed within a subinterval
of [ω1,ω2] according to the intermediate value theorem. As
Algorithm 1 shown, the interval between ω1 and ω2 will become
increasingly smaller, converging on the root of the function after
a few iterations. Here the tolerance e > 0 can reach up to 10−6.
A QD grating with moderate parameters (as Table 1 shown)
is selected and applied in both our 2D model and the 1-D and
period-fixed grating model [7], such that the two values of work-
ing phase obtained by both models should be close to each other.
Table 1. Designed parameters of the 2D QD grating
Central Period (d0) 50µm
Radius (R) 10mm
W20 50λ
Wavelength (λ) 532nm
Number of Arcs 801
whereW20 is the standard coefficient of defocus and is equivalent
to the extra path length introduced at the edge of the aperture.
And the varying radii rj, for j ∈ J, can be obtained by [1]
rj =
ñ
jλR2
W20
+
Å
λR2
2d0W20
ã2ô1/2
. (27)
Fig. 4. Contour plot of normalized energy for Fraunhofer diffrac-
tion pattern of 2D QD phase gratings with working phases of (a)
1.99999rad; (b) 2.00777rad.
Since the rough 1D model gives a working phase of
2.00777rad [7], an initial interval of [1.9, 2.1] is set in bisection
algorithm. Then an optimized phase of 1.99999rad is obtained
after 18 iterations. As Figure 4 shown, being illuminated by a
normally incident, unit-amplitude and monochromatic plane
wave, the energy distributions across the QD grating at both
phases look similar as anticipated. However, the energy dif-
ference between zeroth and first orders are 6× 10−6 and 1.7%
at working phases of 1.99999rad and 2.00777rad, respectively.
When applying the 1D model for the phase design of a QD grat-
ing with non-moderate parameters, especially if a big value of
W20 is selected (say 100λ), the energy imbalance between first
three orders will be even worse.
Fig. 5. Contour plot of normalized energy for Fraunhofer diffrac-
tion pattern of the quasi-straight-line QD grating.
Given that the Fraunhofer diffraction at a circular sector and
the 2D mathematical model of QD grating are first developed
in this paper, our theories and algorithms should be verified in
practice. Here a quasi-straight-line QD grating, which reserves
the parameters shown in Table 1 but sets W20 to be 0.5λ, is
applied in the 2D QD grating model and a working phase of
2.00831rad is obtained. The Fraunhofer diffraction pattern is
demonstrated in Figure 5, in which the positions of the peaks
are identical with those derived by classic theory of diffraction
grating [3] and the energy distribution tends to be the same with
that of straight-line and period-fixed grating.
In conclusion, we have established an elaborate 2D analytic
model of QD grating and obtained the Fraunhofer diffraction
pattern. This model can be extended to the design of crossed QD
grating for simultaneous 9-plane imaging. Beyond the design of
grating, it can also be utilized in the design and optimization of
simultaneous multi-plane imaging system. An updated model
involved with a chromatic correction scheme using grisms
[11] is in progress and high order aberrations, i.e. spherical
aberration and coma, will be considered in the near future.
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